A lot of problems of atomic and nuclear physics depend on with high accuracy to the Coulomb potential. 
Introduction
As known, the solution of problems in many areas of physics (solid state physics, atomic and molecular physics, nuclear physics, astrophysics, statistical physics) depends on the calculation of the exponential type integrals such as ∫ ( − ± 1) ⁄ ∞ 0 [1] [2] [3] [4] [5] . For example, the calculation of the Fermi-Dirac function, which is one of the exponential type integrals and changing in [0, ∞] range, reveals the solution of many physical problems [4, 5] . At the same time, in the case of = ⁄ , the Fermi-Dirac function turns into the charge density distribution of nuclei and the nuclear the Woods-Saxon (WS) potential.
This potential has an important role in atomic-molecular and nuclear physics. In the literature, the solution of these type integrals, which is changing in [0, ∞] range, is mostly achieved by reducing them to the gamma integrals [5] . However, especially in atomic-molecular and nuclear physics, there are such problems related to Coulomb potentials [proton diffusion, rapid proton capture (rp-process) processes and calculation of fermi integral in beta transitions]; integrals in these and similar problems are calculated numerically because they cannot be reduced to Gamma integrals [6] .
It is well known that the WS potential, which is used to describe the interaction of a nucleon with heavy nucleus, plays an important role in microscopic physics [7] . On the other hand, the WS potential and its various modifications are very important in determining of the energy level spacing, particle number dependence of energy quantities and universal properties of electron distributions in atoms, nuclei and atomic clusters [8] [9] [10] [11] . It has also a central role for optical potential model [11] [12] [13] [14] .
The single particle potential for a proton interacting with a spherical nucleus, which includes the nuclear, spin-orbit interactions and the Coulomb potential, can be written as follows [15] [16] [17] :
( 1) Where ( ) and ( ) are the central and spin-orbit parts of the WS potential, respectively given by
In Eqs. (2) and (3), 0 , , 0 , and parameters are defined as the depth of the potential, the radius of the nuclei, the diffuseness of nuclei and the part of spin-orbit, respectively.
The term ( ) in Eq. (1) determines the Coulomb interaction between protons and is usually taken as Coulomb potential of a spherical nuclei with a uniform charge distribution (ucd) [6, [17] [18] [19] :
is the proton number, e is positive unit charge, and is Coulomb radius. In general 0 = is accepted. But, the Coulomb potential given by Eq. (4) is valid for cases where the nucleus is a hard sphere and the diffuseness of nucleus is zero ( = 0) (this issue will be discussed in later sections).
But the nucleus is not a hard sphere and in proton rich nuclei the charge density distribution may exhibit diffuseness. The transition probability of the emitted proton depends sensitively on the long range behavior of the Coulomb potential and diffused barrier would affect the half-life of proton emitters. The most definitive information about nuclear sizes comes from electron scattering. These scattering experiments have made it clear that there is a "tail" where the density of nuclear matter decreases towards zero [6] .
As it is known, the exact and sensitive calculation of the Coulomb potential will reveal the solution of many problems in nuclear physics. For example, the Coulomb potential has a major role in the determination of the energy of the Giant Dipole Resonance (GDR) [21] , Magnetic Dipole Resonance (MDR) [22] or Isobar Analog Resonance (IAR) [23] and of the transition matrix elements of these resonances [24] . The Coulomb potential is also very important for the isospin prohibited beta transitions.
It is well known that 0 + → 0 purpose of this study is to obtain an analytical expression for a simpler calculation of the Coulomb potential, and not to solve any physical problem. We claim that he proposed method can also be used to assess the Coulomb potential of all other spherical nuclei.
Theory
The average field potentials of the nuclei are generally explained using a potential consisting of Coulomb and nuclear parts. Through this paper we will discussed the Coulomb potential. This repulsive potential is fully determined with the assumption of a given nuclear charge distribution ( ). The solution of the corresponding electrostatics problem gives [6, 16, [18] [19] [20] :
where
At the end, we obtain
Expanding the function
in spherical harmonics and the spherical feature is considered, the following expression is obtained [25] :
As can be seen above, when substituting Eq. (10) into Eq. (9), one is able to obtain the following expression [6, 18] : 
Thus, the Coulomb potential will consist of two terms:
; ; 
Eqs. (12) and (13) can be expressed by the binomial expansion theorem (for an arbitrary n real value) defined by [26, 27] : 
Eqs. (12) and (13) can be written the follows as:
( ) 
In this case, the integrals in the formulas (18) and (19) are in solvable form and finally the following analytical expressions are obtained: 
Substituting Eqs. (7), (20) and (21) into (14), we obtain the following analytical expression for the 
and, the values of coefficients as follows:
Results and Discussions
The Eq. (22) obtained for the Coulomb potential appears to be similar to the approximate expression given by Eq. (4). But, there are the correction terms in Eq. (22):
As can be seen, the Eq. (22) is transformed into the Eq.(4) at → 0 limit. In other words, the obtained analytical result (22) indicates that equation (4) is valid for situations where the diffuseness parameter is zero. This is evident from figure 1. Fig. 1 shows the radius dependence of ∆V for different diffusion parameters. The radius dependence of the Coulomb potentials calculated with Eqs. (4) and (22) Pb isotopes are shown in Fig. 2 . Similarly, Fig. 3 and Fig. 4 show the radius dependence of the shows the radius dependence of the difference of the Coulomb potentials (∆Vc) calculated by formulas (4) and (22) .
As seen from the figure, the ∆V c − differences for both isotopes (for both the light Pb heavy isotope) are the same. That is, the correction terms in formula (22) are identical for the isotopes in question. In other words, the correction terms do not depend on A or Z and depend only on the diffusion parameter a c (see Figure 1 . For the isotopes discussed, the correction values in the formula (22) are the same because the same value was taken for the diffusion parameter in the calculations. (note that in numerical calculations was taken a c = 0,7 fm based on the universal parametrization). However, the experiments show that the parameters for different nuclei are different [28] . We think that it would be useful to take this issue into account when making the average field potential parameterizations.
In the figures (∆V c − ), the dashed lines represent the position of the nuclei radius. The nuclei radius and Coulomb radius were taken equal ( = ) in the calculations. As seen from figures, the ∆V c difference curve has a maximum in = . Such a maximum was observed in all the nuclei taken up (see figure. 3 and 4) . Isn't it a natural idea to have this maximum is at = ? Thus, the difference between the Coulomb radius and the nucleus radius ∆R = − can also be estimated from the calculation made. The evaluations made for nuclei used in this study are shown in Table 1. In the table   are shown the nuclei radius calculated according to universal parameterization (second column), the = value corresponding to the maximum value of ∆V c − curve (third column) and the difference of Coulomb and nuclei radii (last column). It is observed that this difference is around 1 fm and, as the nuclei become heavier it increases slightly.
Conclusion
In this study, a new analytical expression (Eq. (22) In this study, we have tried to show that the nuclear diffuseness with Equation (22) In this study, for the calculation of the Coulomb potential, the nucleus radius and Coulomb radius were also taken equal ( = ). If = 0 in Eq. (22) is taken (this case corresponds to Eq.(4)), the Coulomb radius is overlapped by the nucleus radius. However, as it is seen from the figures of ∆V c − , there is a maximum in the case of = . Such a maximum value was observed in all the nuclei examined (figures 2 -4). Considering these difference, the ∆R difference table was formed. As it is seen from Table 1 , the − difference increases from light to heavy nucleus.
Consequently, we think: (1) the nucleus radius is different from the Coulomb radius ( ≠ ), ( 2) The value obtained as a result of the Eq. (22) of which the diffuseness parameter is different from zero, should be equal to the Coulomb radius ( = ). Table   Figure 
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